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MATROID CONFIGURATIONS AND SYMBOLIC POWERS OF THEIR 

IDEALS 


A.V. GERAMITA, B. HARBOURNE, J. MIGLIORE, AND U. NAGEL 

Abstract. Star configurations are certain unions of linear subspaces of projective space 
that have been studied extensively. We develop a framework for studying a substantial gen¬ 
eralization, which we call matroid configurations, whose ideals generalize Stanley-Reisner 
ideals of matroids. Such a matroid configuration is a union of complete intersections of 
a fixed codimension. Relating these to the Stanley-Reisner ideals of matroids and using 
methods of Liaison Theory allows us, in particular, to describe the Hilbert function and 
minimal generators of the ideal of, what we call, a hypersurface configuration. We also 
establish that the symbolic powers of the ideal of any matroid configuration are Cohen- 
Macaulay. As applications, we study ideals coming from certain complete hypergraphs 
and ideals derived from tetrahedral curves. We also consider Waldschmidt constants and 
resurgences. In particular, we determine the resurgence of any star configuration and many 
hypersurface configurations. Previously, the only non-trivial cases for which the resurgence 
was known were certain monomial ideals and ideals of finite sets of points. Finally, we 
point out a connection to secant varieties of varieties of reducible forms. 


1. Introduction 

Let k be an infinite field and let R = A:[a:o, ■ ■ ■, = 0j>oRi be the standard graded poly¬ 

nomial ring. Suppose li,... ,ls are forms in Ri and consider the hyperplanes defined by 
them. Under varying uniformity assumptions on the family of forms (e.g., for some c < n+1, 
any subset of c of the linear forms are linearly independent) the collection of codimension 
c linear subspaces obtained by intersecting subfamilies of these hyperplanes have appeared 
in the literature, often with motivations found in problems in algebra, geometry or com¬ 
binatorics (see, e.g., P, [2], [3], [5], [6], [T], [TO], [H], (TO], [TO|, [TO], [23], [27], [28], [30], 
m)- As one can see in these references, the questions asked involve the defining ideal of 
the collection of such linear spaces, a description of the symbolic powers of those ideals and 
their finite free resolutions, or more simply questions about the Cohen-Macaulayness and 
Hilbert function of these ideals. 
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In this paper we develop a framework for generalizations of these results. As we shall 
see, these generalizations also have interesting consequences in algebra, algebraic geometry 
and combinatorics. 

The generalizations proceed in two steps. First let A = [di,... ,ds] be a vector, where 
each di is a positive integer. Let /i,... ,/s be homogeneous forms in R with deg fi = di 
and let Fi,... ,Fs be the hypersurfaces they dehne in P”. For any 1 < c < n assume that 
the intersection of any c + 1 of these hypersurfaces has codimension c + 1. We do not 
require further generality for the fi, not even that they be reduced. A configuration of 
codimension c is the union, I^^ci of tho codimension c complete intersection subschemes 
obtained by intersecting c of the hypersurfaces. Notice that any such complete intersection 
may fail to be irreducible or even reduced. However, it follows from our assumptions that 
no two of them can have common components. If A = [1,1,... , 1] then the collection of 
V\^c includes, what has been called in the literature, codimension c star configurations. We 
will refer to a Vx,cj for a possibly unspecihed A (or c), as a hypersurface configuration (of 
codimension c). We will discuss the second step of the generalization when we describe the 
results of §3. 

One purpose of this paper is to show how essentially the same construction as in |16] 
provides the description of the ideal and the Hilbert function of a A-configuration of codi¬ 
mension c. But a new idea is required to show that the Cohen-Macaulay property holds for 
all symbolic powers of the ideal of a hypersurface conhguration. 

Thus we have the surprising result that these more general configurations of complete 
intersections (in arbitrary codimension) are just as well-behaved as they are in the case that 
the components are linear. 

The idea of replacing the hyperplanes by hypersnrfaces is not new. For instance: [5] 
studies the minimal degrees of generators of the ideals of A-configurations when the fi are 
general in order to bound Waldschmidt constants; [T] describes minimal generators, Hilbert 
fnnctions and minimal free resolutions of the conhgurations I/a,c assnming c = 2 and the fi 
are general; m describes the same invariants when the fi are general and c is arbitrary; 
and [2] describes the same invariants when c = 2 and the fi are replaced by their powers. 
Althongh the title of [2] refers to “fat” star conhgurations, the schemes they study are not 
what have traditionally been referred to as “fat” schemes, i.e., schemes dehned by symbolic 
powers. Consequently our results on symbolic powers (see §3) do not overlap with the 
results of [2]. 

The purpose of this note is to put all of these results into a simple framework, and then 
to illustrate some applications of this method. To that end, the paper is organized in the 
following way: in §2 we set up the basic results we will need. We show that A-conhgurations 
are ACM and hnd their degrees, Hilbert functions and the minimal generators of their 
dehning ideals. These results were known but our approach to them (via methods from 
Liaison Theory) is new. 

In §3 we begin developing a theory of specializing Stanley-Reisner ideals of simplicial 
complexes. This is the second step of our generalization of linear star configurations. This 
section contains the main results of the paper. We carry out this step for the class of matroid 
complexes. We refer to the ideals obtained by replacing the variables of the Stanley-Reisner 
ideal of these complexes by homogeneous polynomials as specializations of matroid ideals. 
We show that, under certain conditions, these specializations inherit many of the properties 
of the original matroid ideals. In particnlar, all their symbolic powers are Cohen-Macanlay. 
Our results extend most of the earlier investigations for star configurations. Indeed, star 
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configurations and hypersurface configurations are obtained as special cases, namely as 
specializations of the Stanley-Reisner ideals of uniform matroids. 

The final section gives applications of our results. We consider ideals coming from certain 
complete hypergraphs and ideals derived from tetrahedral curves. We also discuss connec¬ 
tions to Waldschmidt constants and resurgences; in particular, we determine the resurgence 
of any star configuration and many hypersurface configurations. Previously, the only non¬ 
trivial cases for which the resurgence was known were certain monomial ideals and ideals 
of finite sets of points. 

We also point out a connection to secant varieties of varieties of reducible forms. 

2. The ideal and Hilbert function of a A-configuration of codimension c 

Let R = k[xo,... ,Xn] = (Bi>oRi, where k is an arbitrary infinite field, be the standard 
graded polynomial algebra over k. Recall that a subscheme V of P" is arithmetically Cohen- 
Macaulay (ACM) if R/Iy is a Cohen-Macaulay ring, where ly is the saturated ideal defining 
V. For a homogeneous ideal I C R, the Hilbert function of R/I is defined by 

hR/i{t) = dimk[R/I]t. 

When I = ly is the saturated ideal of a subscheme V C P"", we usually write hy{t) for 
hR/i^{t). We denote by Ahfi/j(t) the first difference hfi/j(t) — hji/j{t — l), and by 
A^hR/i(t), etc. the successive differences. Suppose that S is the Krull dimension of R/I. 
Then A^h^/j takes on only finitely many non-zero values. If we form the vector 

{A^hR/i{0), ..., A^hjiij{t)) 

(where the last entry in the vector is the last value of A^hji/j{t) 0), then this vector is 
referred to as the h-vector of R/I. I = ly then this vector is called the h-vector ofV. 

As in |16] . we will make substantial use of the construction described in the next propo¬ 
sition. This construction is known in Liaison Theory as Basic Double Linkage (see |191 
Chapter 4]). 

Proposition 2.1. Let Ic be a saturated ideal defining a codimension c subscheme C C P*^. 
Let Is C Ic be an ideal which defines an ACM subscheme S of codimension c—1. Let f be 
a form of degree d which is not a zero-divisor on R/Is- Consider the ideal I = f ■ Ic + Is 
and let B be the subscheme it defines. 

Then I is saturated, hence equal to Ir, and there is an exact sequence 

0 —^ Isi—d) Ic{—d) © Is —Is —0. 

In particular, since S is an ACM subscheme of codimension one less than C, we see that 
B is an ACM subscheme if and only if C is. Also, 

deg B = deg C + (deg /) • (deg S). 

Furthermore, let Hf be the hypersurface section cut out on S by f. As long as Hf does not 
vanish on a component of C, we have B = C U Hf as schemes. In any case the Hilbert 
function hsit) ofR/Is is 

hsit) = hs{t) - hs{t - d) + hcit - d). 

Remark 2.2. In Liaison Theory the scheme B in l2.1l is often referred to as the basic double 
link of C with respect to / and S. 
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We note that V is an ACM subscheme of codimension zero if and only if V = P"" if and 
only if ly = (0). The following is the analogue for A-configurations of codimension c of |16[ 
Proposition 2.9], which dealt only with linear star configurations of codimension c. 

Proposition 2.3. Let A = [di,..., d^] and Li = {Fi,..., Fg}, where Fi is a hypersurface of 
degree di in P” (not necessarily reduced), defined by the form /j. Let c be an integer such 
that 1 < c < min(n, s). Assume that the intersection of any c+1 of these hypersurfaces has 
codimension c+1. Then we have the following facts. 

(1) Pa,c is ACM. 

(2) The Hilbert function of Vx,c is 

hvxjt) = [hv^, ^_^{t) - hvy^^_^{t - ds)] + hv,^, Jt - d,). 
where A' = [di,..., d^-i]. 

(3) deg 14,c = ^ di^di^ ...di^. 

I<i\<i 2 <---<ic<s 

(4) The minimal generators of Ly^ „ all the products of s—c+1 of the forms fi,..., fg. 
That is, 

■ ■ ■ fis-c+i I 1 < n < *2 < • • • < is-c+i < s}) • 

Proof. Nearly the entire proof proceeds exactly as in the proof of m Proposition 2.9]. As 
before, the idea is to proceed by induction on c and on s > c. For any c, if s = c then 14,c 
is a complete intersection, and all parts are trivial. If c = 1 and s is arbitrary, then 14,i is 
the union of s hypersurfaces with no common components, and again all parts are trivial. 
Also, (3) is trivial and is included only for completeness. 

We now assume that the assertions are true for codimension c — 1 and all s, and for 
A-configurations of codimension c coming from collections of up to s — 1 hyper surfaces. Let 
%' = {Fi,..., Fs_i} and X' = [di,..., d^-i]. By induction, 14',c-i and 14',c are both ACM 
and the ideals are of the stated form. Furthermore, fg is not a zero divisor on R/Iy^, 

By Proposition 12.11 

Ivx,. = + 

and 14,c is ACM. This is (1). Statements (2) and (4) also follow immediately from this 
construction of the ideal, again using induction and Proposition 12.11 □ 

We note that (4) was shown in |27] . 

Corollary 2.4. Let A = [di,..., d*] and A' = [di,..., ds_i]. Then for any i > 1 we have 
A^hy,Jt) = - d,)] + A*V,, - dg). 

In particular, let X be the hypersurface section o/14',c-i by Fs- Let hy^^ be the h-vector 
ofVy^c, IkVxc h-vector ofVx^c, and hx ide h-vector of X. Then 

h.Vx,c ^ 

Proof. The first part is immediate and the second part comes from taking i = n — c + 1, 
and remembering that dim 14 ,c = dim 14 ',c = n — c, while diml4',c-i = n — c + 1. □ 

Example 2.5. We illustrate the h-vector computation from Corollary 12.41 Suppose n = 3, 
A = [4,3,3, 2], and consider c = 2 and c = 3. Let us compute the h-vectors. We first find 
the h-vectors of the successive codimension 2 hypersurface configurations in P^. The integer 
in column t (starting with t = 0) represents the value of the h-vector in degree t. 
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The first scheme, V (4 3 ) 2 , is a complete intersection of degree 12, so the /i-vector is well 
known: 

y( 4 ^ 3)^2 : 1 2 3 3 2 1 

To compute the /i-vector of 1^(4 3 3 ) 2 ) note that V (4 3 ) 4 is a hypersurface of degree 4 + 3 = 7, 
and we are cutting it with a hypersurface of degree 3 to obtain X. Thus we have the 
following h-vector computation: 


^(4,3),2(—3) : 

- - - 

1 

2 

3 

3 

2 

1 

A : 

1 2 3 

3 

3 

3 

3 

2 

1 

^(4,3,3),2 : 

1 2 3 

4 

5 

6 

6 

4 

2 


Next, we compute the /i-vector of V (4 3 3 2 ), 2 - Now X is the complete intersection of a 
hyper surface of degree 4 + 3 + 3 = 10 and one of degree 2. 


^(4,3,3), 2 (“ 2 ) : 

- - 1 

2 

3 

4 

5 

6 

6 

4 

2 

A : 

1 2 2 

2 

2 

2 

2 

2 

2 

2 

1 

^(4, 3 ,3, 2),2 • 

1 2 3 

4 

5 

6 

7 

8 

8 

6 

3 


We now turn to the h-vectors of codimension 3 hypersurface configurations. The first, 
V( 4_3 3 ) 3 , is again a complete intersection, so its h-vector is 

i^(4,3,3),3 :1368863 1. 

Now X is the hypersurface section of V( 4 , 3 , 3),2 by F 4 , which has degree 2. To compute 
the h-vector of X we first “integrate” the /i-vector of V( 4 , 3 , 3 ), 2 ) and then we take a shifted 
difference: 

1 3 6 10 15 21 27 31 33 33 33 33 ••• 

- - 1 3 6 10 15 21 27 31 33 33 •• • 

i 3~5 7 9 11 12 10 6 2 

Finally, we apply Corollary 12.41 

n4,3,3),3(-2): - - 1 3 6 8 8 6 3 1 

X : 1 3 5 7 9 11 12 10 6 2 

I 3 6 10 15 19 20 16 9 3 

3. Specializations of Matroid Ideals and their Symbolic Powers 

We begin with a lemma, whose proof was suggested to us by L. Avramov. 

Lemma 3.1. Let S = k[yi,... ,ys] and R = k[xo, ...,Xn] be polynomial rings over a field 
k. Let fi,..., fs € R be an R-regular sequence of homogeneous elements of the same degree 
(with respect to the standard grading). Let L = {gi, ...,gr) be a homogeneous ideal in S, so 
each gi is a polynomial gi = gfiyi, ...,ys). Let pi = gfifi,fg) and let J = {pi, ...,pr). Then 
L and J have the same graded Betti numbers over S and R, respectively, except possibly with 
shifts which depend on the degrees of the fi. Ln particular, S/L is Cohen-Macaulay if and 
only if R/J is Cohen-Macaulay. 

If L is a monomial ideal then we can drop the requirement that the fi all have the same 
degree. 

Proof. We require the fi to have the same degree in order that the gi continue to be 
homogeneous, and also so that the maps in the minimal free resolution continue to be 
graded. When I is monomial, this restriction is not needed. 
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Define a homomorphism of fc-algebras ip : S ^ R hy = fi for i = 1,..., s. It is flat 
because the fi form a regular sequence. Let F be a graded minimal free resolution of 5/1 
over 5. Then i? ( 8)5 F is a graded minimal free resolution of R/ J over R. □ 


Example 3.2. Take deg(/j) = 2 for all i and suppose the Betti diagram for R/I is the one 
on the left in Figure [321 Then the Betti diagram for R/J is the one on the right in Figure 

[321 


0 12 3 

total: 1 10 12 3 

0 : 1 . . . 

1 : . . . . 


0 12 3 

total: 1 10 12 3 

0 : 1 . . . 

1 : . . . . 


7 

8 
9 

10 
11 

21 : . 2 . . 

22: . . 4 . 

23: . 1 .2 

24: . . 2 . 

25: . . . 1 


4 . . 

3 6 . 

2 4 2 

12 1 


16 

17 

18 

19 

20 


4 

3 


Figure 3.2. Comparing a Betti diagram with that of a specialization. 


We now recall a few concepts for simplicial complexes. A matroid A on a vertex set 
[s] = {1,2 ,... , s} is a non-empty collection of subsets of [s] that is closed under inclusion 
and satisfies the following property: If F, G are in A and |T| > |G|, then there is some j € F 
such that GU {j} is in A. We will always consider A as a simplicial complex. Equivalently, 
a matroid is a simplicial complex A such that, for every subset F C [s], the restriction 
A\f = {G G A I G C F} is pure, that is, all its facets have the same dimension. 

For a subset E C [s], we write yp for the squarefree monomial W^^pyi- The Stanley- 
Reisner ideal of A is /a = (yp | E C [s], E 0 A) and the corresponding Stanley-Reisner 
ring is A:[A] = S/I^., where 5 = k[yi,... ,ys]. It is Cohen-Macaulay. In fact, it was shown 
in |25l Theorem 3.3] that matroid complexes are, what is referred to there as squarefree 
glicci simplicial eomplexes (see |25] for the definition). We now explain this result in a more 
detailed way. 

Let A be any simplicial complex on [sj. Each subset E C [s] induces the following 
simplicial subcomplexes of A: the link of F 

IkA E = {G G A I E U G € A, E n G = 0}, 

and the deletion 

A_i. = {GG A I EnG = 0}. 

For each vertex j of A, the link IkAj and the deletion A_j are simplicial complexes on 
[®] \ {/}■ Moreover, if A is a matroid, then IkA j and A_j are again matroids (see, e.g.. 
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[26]), where dimS/I^_jS = dim5//A + 1- Furthermore yj is not a zerodivisor on S/I^_. 
and (see |25l Remark 2.4]) 

(3.2) /a =yi/ik^i5 + /A_,5. 

It follows that Ia is a basic double link of IikAj^ with respect to yj and as in 

Proposition 12.11 Replacing I a by iterating, one sees that I a can be obtained 

from a complete intersection generated by variables via a series of basic double links through 
squarefree monomial ideals. This means that Ia is squarefree glicci. 

We use these facts to establish the following result. 

Theorem 3.3. Let A be a matroid on [s] of dimension s — 1 — c, and let Pi^..., Pt he the 
associated prime ideals of fe[A]. Assume n > c and that fi,..., fg € R = k[xo,, Xn] are 
homogeneous polynomials such that any subset of at most c+1 of them forms an R-regular 
sequenee. Consider the ring homomorphism 

ip: S = k[yi, ...,ys]^R, yi ^ fi. 

If I is an ideal of S we will write ip*[I) to denote the ideal in R generated by ip{I). Then 
the following facts are true. 

(1) The ideal (^*(/a) is a Cohen-Macaulay ideal of codimension c. 

t 

(2) ip^{lA) = Pi ‘P*{Pi)- 

i=\ 

(3) //Ffc[A] is a graded minimal free resolution of fe[A] over S, then F^j-ja] < 8>5 R is a 
graded minimal free resolution of R/ip^,{I a) over R. 

The ideal ip*{lA) is said to be obtained by speeialization from the matroid ideal I a- The 
subscheme of defined by </?*(/a) is called a matroid configuration. 

Proof. We begin by showing the first two claims. We use induction on c > 1. If c = 1, then 
I A is a principal ideal, and the assertions are clearly true. 

Let c > 2. Now we use induction on s > c. If s = c, then Ia is a complete intersection, 
and again the claims are clear. 

Let s > c. As pointed out above, IkA s and A_s are matroids on [s — 1], and their 
Stanley-Reisner ideals have codimensions c and c — 1, respectively. Thus claims (1) and 
(2) hold true for these ideals by the induction hypothesis. The assumption on the forms fi 
gives 

(Llk/^ s^) . fs — ip^l^IlkA sS') ■ 

Moreover, Relation (13.21) yields 

T*{Ia) = fsT*{I\kAsS) + ip*{lA.jS). 

Hence </?*(/a) is a basic double link of the Cohen-Macaulay ideal ip*{IikAsS)i and thus it is 
Cohen-Macaulay of codimension c, proving ( 1 ). 

To show (2), denote hy Pi,..., Pu the associated prime ideals of k[A] that do not con¬ 
tain yg. For j = u + 1,... ,t, define monomial prime ideals Pj generated by variables in 
{yi, ■■■, I/s-i} by Pj = ygR + P'. Then 

U t 

Iii.AsS=f]Pj and Ia.,S= P Pj. 

j = l j=u-kl 
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Moreover, since I/\ is squarefree, we have 

/A = /ik^.5n(y„/A_,)5. 

Applying the homomorphism (p we obtain 

U t t 

j=l j=u+l j=l 

Notice that the ideal on the right-hand side is unmixed and has degree deg(Iik^ s) + deg(/s) • 
deg(Iik^ 5 ). Since /a is also an unmixed ideal with the same degree, the two ideals must be 
equal, completing the argument for ( 2 ). 

Finally, we show Claim (3). Let us say that the polynomials /* satisfy property (Pm) if 
any subset if at most m -|- 1 of them forms an i?-regular sequence. If the fi satisfy property 
(Pg), then Claim (3) is a consequence of Lemma l3.II 

Let s > c -|- 1. We use induction on the difference between s and the number c -|- 1, as 
determined by the assumption on the forms fi. The idea is to replace the given forms fi by 
new forms, satisfying a stronger condition. By induction, we know that Claim (3) is true 
if we substitute for the y* forms in any polynomial ring such that any subset of at most 
c -|- 2 of these polynomials forms a regular sequence. So let z be a new variable and define 
a polynomial ring T = R[z]. For each i G [s], let /' G (fi,z)T be a general polynomial of 
degree deg fi. Now consider the homomorphism 

j : S ^T, y* eA /•. 

Observe that any subset of at most c-|- 2 of the polynomials f- forms a T-regular sequence. 
Thus, the induction hypothesis gives that IF;i.[A] T is a graded minimal free resolution of 
T/7*(/a) over T. We have the following graded isomorphism 

T/{'y*{lA),z) = R/p*{Ia)- 

Since T/7*(/a) is Cohen-Macaulay and dimr/7*(/A) = 1 -|- dimi?/y?*(/A), ^ is not a 
zerodivisor of T/^^,{Ia). It follows that F^ja] T T/zT = F^ja] < 8)5 is a graded 

minimal free resolution of A:[A] over R, as claimed. □ 

Example 3.4. Consider the ideal of S 

Is,c = P {yiiiVni ■ ■ ■ iyic)i 

i<n<* 2 <'"<ic<s 

generated by all products of s — c -|- 1 distinct variables in {yi ,... ,ys}. It is the Stanley- 
Reisner ideal of a uniform matroid on [s] whose facets are all the cardinality s — c subsets 
of [s]. Hence, with the hypotheses of Theorem 13.31 every specialization p*{Is,c) is again 
Cohen-Macaulay of codimension c and 

l<il<i 2 <-"<ic<s 

Note that (pt,{Is,c) is the ideal of a hypersurface configuration in F*^ and that any hypersur¬ 
face configuration arises in this way. 

Observe that the Alexander dual of is Is,s-c+i- Since each is the dual of the other 
and both are Cohen-Macaulay, both ideals have a linear free resolution (see m)- This also 
follows from the fact that c is a squarefree strongly stable ideal. Extending results in 
it was shown in [ 23 ] that all squarefree strongly stable ideals that are generated in one 
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degree have a linear cellular minimal free resolution that can be explicitly described using 
a complex of boxes. It turns out that in the case of the ideal this complex of boxes can 
be realized as a subdivision of a simplex on c vertices. 

Now, applying Theorem 13.31 we obtain the following result about hypersurface configu¬ 
rations. 


Corollary 3.5. Each specialization admits an explicit graded minimal free resolu¬ 

tion, including a description of the maps, that stems from a cellular resolution of Is,c- 

The graded Betti numbers in the resolution of (p^{Is,c) (but not the maps) have been 
determined in m- 

Theorem 13.31 can be extended to symbolic powers. 


Theorem 3.6. Adopt the notation and assumptions of Theorem \3.A . Then the following 
facts are true for each positive integer m: 

(1) = n 

i=l 

In particular, is generated by monomials in the fi and has codimension 

c. 

(2) If¥ is a graded minimal free resolution of over S, then F (g)^ R is a graded 

minimal free resolution of over R. In particular, R/(P*{Ia)^"^'^ is 

Cohen-Macaulay. 


Proof. We begin by showing ^p^{Ia)^'^^ = C(i=iT*{Pi)'^■ The assumption on the polyno¬ 
mials fi and Theorem I3.3l 2i give that a prime ideal P of ii is an associated prime of 
P/(/j*(/a) if and only if P is an associated prime ideal of P/(/j*(Pi) for exactly one i € [t]. 
Using that ip*{Pi) is a complete intersection, and so is Cohen-Macaulay, we get 

P*{Ia)^Rp = P*{Pi)"^Rp- This implies as desired. 

Assume now that s < c -|- 1. It was shown independently in m and [29] that, for each 
positive integer m, the ideal 


t 



i=i 


is Cohen-Macaulay. Hence Lemma l3 .1 1 gives that is Cohen-Macaulay and that its 

resolution can be obtained from the resolution of S/I^'^ over S. Recall that in the case 
s < c-|- I, the homomorphism (p is flat. Thus, using the identity established above and |22l 
Theorem 7.4(ii)], we get 




t 


t 


nv.(pr)=n(*’-«)) 

j=i i=i 




Let s > c -|- I. We use induction on the difference between s and the number c -|- 1 as in 
the proof of Theorem 13.31 to show the remaining claims. Adopt the notation employed in 
the proof of Theorem 13.31 The induction hypothesis gives that 


7 * ( 4 ™^)= 


10 


A.V. GERAMITA, B. HARBOURNE, J. MIGLIORE, AND U. NAGEL 


is Cohen-Macaulay. By the choice of the fl, the variable z is not a zerodivisor of any 
T/'y^,{Pi). Hence, all the ideals (z,and (z, 7 *(Pi)™') are Cohen-Macaulay, and 

t 

(zn.iiP)) C no.7.(«r)^ 

i=l 

Since both ideals are unmixed of codimension c -I- 1 and have the same degree, they must 
be equal. It follows that 

t 

i=l 

as desired. 

Finally, using the isomorphism r/( 7 *(/^^), z) = and the fact that z is not 

a zerodivisor of T/ 7 *(/^^) gives Claim (3). □ 


The above result applies to A-configurations. 


Corollary 3.7. Let A = [di,..., d^] cmd % = {Pi,..., P^}, where Fi is a hypersurfaee of 
degree di in P” (not necessarily reduced), defined by the form fi. Let c be an integer sueh 
that 1 < c < min(n, s). Assume that the interseetion of any c+1 of these hypersurfaees has 
codimension c -|- 1. Let Va,c the corresponding X-eonfiguration in codimension c. Then 
every symbolic power of Ii/a ^ *5 Cohen-Maeaulay. Furthermore, the minimal generators of 

each are monomials in the fi. 


Proof. As pointed out in Example [331 the ideal is the Stanley-Reisner ideal of a uniform 
matroid. Hence Theorem 13.61 gives that, for each positive integer m, 


jim) 


I<ii<i2<-"<ic<s 


22 5 • • • 5 


f^J 


is Cohen-Macaulay of codimension c. 


□ 


In the special case, where all the forms fi are linear, the ideal is a symbolic 

power of the ideal of a star configuration. For this case. Corollary 13.71 has been shown 
previously in [T6] . 

For an application in the next section we note the following result. 


Proposition 3.8. Let A be a matroid on [s] of dimension s — 1 — c. Assume n > c and 
that fi,...,fs £ P = k[xQ,... ,Xn\ are homogeneous polynomials such that any subset of 
at most c + 1 of them forms an R-regular sequenee. Consider the ring homomorphism 
ip : S = k[yi,... ,ys] —)■ P, defined by fi- Whenever m and r are positive integers, we 
have the following faets: 

(1) C IX C pfiL^y. 

(2) If fi,..., fs is an R-regular sequenee, then 

I^^'^ C if and only if p* {I C pfilAfi ■ 

Proof. Assume first C I^. Using Theorem 13.61 we get 

c pfiP^) = pfilAT. 
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To show the second claim, it remains to show the reverse implication. Our assumption on 
the fi gives that is a faithfully flat homomorphism. Hence ^ implies ^ 

(^*(/^), and we are done. □ 


4. Applications 

Our first application will be to construct an ideal coming in a natural way from a multi¬ 
partite hypergraph, and recognize it as also coming from our construction. Thus it and its 
symbolic powers will be Cohen-Macaulay. Its minimal free resolution will also be known. 

Let G be a c-uniform complete multipartite hypergraph. More precisely, following m 
Definition 3.4], we will assume that it is a complete s-partite hypergraph, s > c, on a 
partitioned vertex set U ■ ■ ■ U consisting of all c element subsets with each element 
coming from a different A^*\ Let |A*| = e^. By [24] Theorem 3.13], the ideal Ig has a 
linear resolution. Thus, the Alexander dual, Iq, of the ideal Iq of G is Cohen-Macaulay. 
By definition, 

^i2,j2: ■ ■ ■ 1 ^ic,jc) 7 

where each variable Xij corresponds to the vertex Vij in A^*^ 

We will now specialize this ideal by assigning to each variable Xij a homogenous polyno¬ 
mial Ajj. Thus, to each face of G 

we can associate an ideal of the form ..., Aj^j^). We will focus on the intersection 

of all such ideals, assuming that the Ajj meet properly. 

More formally, let ii = A:[xo, • • •, Xn]- Consider sets of homogeneous polynomials in R 

Ai = {Ai^i, Ai^ 2, • • • j Ai^eil 

A2 = {A2,1, A2,2, • • • , A2,e2} 

As — {As 1 , As 2 ) ■ ■ ■ ) As^es } 

where we assume that any choice of n -|- 1 of them is a regular sequence, where we choose 
at most one Aij from each subset. Now choose any codimension 1 < c < n. We define a 
scheme Wc by constructing the following saturated ideal: 

^Wc (Aiijij Ajj • • •) 

That is, thinking of the Ajj as hypersurfaces, we form all possible codimension c complete 
intersections such that no two generators within a complete intersection come from the same 
Aj. Since any choice of n-|-l of the Aj^- form a regular sequence, no two of these codimension 
c complete intersections have any common components. Hence the above construction gives 
the saturated ideal of an unmixed codimension c subscheme of P”, which we call Wc- 
Notice that if ei = • • • = = 1 then we have a A-configuration of codimension c (where 

A = [deg Ai^i, deg A 24 ,..., deg A^q]). If furthermore all the Aij have degree 1 then we have 
a linear star configuration of codimension c. 
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Corollary 4.1. The saturated ideal can he realized as the ideal of a suitable X-configuration. 
Hence its Hilbert function can be computed, all its symbolic powers are Cohen-Macaulay, 
and its minimal free resolution can be described as above. 

Proof. For 1 < i < s let /* = YYj=i Then clearly Wc is the A-configuration of codimen¬ 
sion c associated to {/i, f^,..., /«}■ Thus the above ideal can be obtained by specialization, 
so the assertions follow from our earlier results. □ 

For a second application of our methods, note that the m-th symbolic power of the ideal 
of a A-configuration is the intersection of the m-th powers of the complete intersections 
that go into its construction (see for instance Theorem 13.61 (lii. regardless of whether these 
complete intersections are reduced or irreducible. (For instance, the m-th symbolic power 
of the ideal Iw^ constructed above is the intersection of the ideals ..., We 

have seen that all such symbolic powers are Cohen-Macaulay. 

By a slight abuse of notation, we will refer to these complete intersections as the compo¬ 
nents of the A-configuration. One can ask about properties of the ideal formed by allowing 
the powers of the ideals of components to be different. Not much is known about this 
problem except in the case of fat points in [ini Example 4.2.2] and of tetrahedral curves 
in The latter are subschemes in defined by ideals of the form 

(4.1) (xo,Xi)^l n {xo,X 2 Y^ n (xo,X3)P3 n {xi,X 2 Y* n (xi,X3)P® n (x2,X3)P®. 

In this case, combining the work in [28], |23|, m and [HI, much is known about the ideal, 
the minimal free resolution, the deficiency module and the even liaison class of such curves. 

A broad array of heavy machinery, largely based on the fact that these are monomial ideals, 
went into the results in these papers. 

In [23] Remark 7.3], it was observed that if we replace the indeterminates xo,xi,X 2 ,X 3 
by a regular sequence /i, / 2 , /a, / 4 , then most of the results in [23] continue to hold in P^. 

The argument was that the liaison approach used therein can be extended to this setting. 

In |23l Question 7.4 (7)] it was asked whether the same sort of program can be carried out 
in higher-dimensional projective space, and it was noted that now issues of local Cohen- 
Macaulayness will arise, even in the codimension two case. 

Our observation now is that all of these results can be extended almost immediately to 
higher-dimensional projective space using Lemma l3.II For instance, we have the following 
generalization of the main theorem of m, which built on the work in [28], [23], [T5] . 

Corollary 4.2. Let fi, / 2 , /s, fi be a regular sequence of homogeneous polynomials in k[xo,... ,x. 
Let C he the codimension two scheme defined by the saturated ideal 

ifij 2 Y^ n ihJsY^ n (A, UY^ n (A, fsY* n (A, UY^ n (A, hY^- 

Assume without loss of generality that pi + Pe = max{pi -PpG,P 2 +P 5 ,P 3 + P 4 }- Then C is 
ACM if and only if at least one of the following conditions holds: 

(i) Pi = 0 or pq = 0. 

(ii) pi-\-p6 = e-l-max{p 2 +P 5 ,P 3 +P 4 }, where e G {0,1}. 

(hi) 2pi < P 2 + P3 + 3 - Pq or 2pi < pi pq H - pq or 2pQ < p 2 + 7'4 + 3 - pi or 
2p6 <P3+P5 + ^-Pi- 

(iv) All inequalities of (in) fail, pi + pQ = 2 + p 2 + Pq = 2 + p^ -\-p 4 , and pi + P 3 + Pq is 
even. 

Proof. If fi = xq, f 2 = xi, fs = X 2 , A = 3^3, and n = 3, then this is the result of m taken 
verbatim. Call the corresponding ideal J. 
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Now replace each xi by fi in the monomials generating J and denote by I the ideal in 
R = k[xo,..., Xn] generated by these monomials in the fi. Using again that the substitution 
homomorphism is flat by the assumption on the fi, we see that J is equal to the ideal 
considered in the statement. Moreover, Lemma [Q gives that the length of its resolution 
over R is the same as the length of the resolution of I over k[xo,... ,X 3 ], which concludes 
the argument. □ 

As a third application of our results we consider how they can be used to calculate 
Waldschmidt constants and resurgences. Let ( 0 ) 7 ^ / C i? = k[xo ,..., Xn] be a homogeneous 
ideal. We denote by a{I) the least degree among nonzero forms in I. The Waldschmidt 
constant a (I) of I is 

a{I)= hm 

m^oo rn 

This limit is known to exist and in various situations it is of interest to compute it or at 
least to estimate it ([sinHiiis]). For example, the resurgence, defined as 

p(I)=sup{^:/(-)^r}, 

satisfies (by [5l Theorem 1.2.1]) 

(4.2) < ,(/). 

First we consider the change of Waldschmidt constants under specializations of matroid 
ideals. 

Corollary 4.3. Adopt the notation and assumptions of Theorem AS.S\ a.nd additionally as¬ 
sume that all forms fi,..., fs have the same degree, say d. Then we have the relation 

3((/9*(/a)) = d ■ a(/A). 

Proof. It is enough to observe that, for each monomial vr G k[yi,... ,ys], deg<y 9 ( 7 r) = d ■ 
deg(7r). □ 

Again, we illustrate this result using hypersurface configurations. 

Example 4.4. The Stanley-Reisner ideal R^c of a uniform matroid of dimension s — c — 1 
on s vertices has Waldschmidt constant a{Is,c) = | by [1] or [SJ Lemma 2.4.1, Lemma 2.4.2 
and the proof of Theorem 2.4.3]. Specializing it by forms fi,..., fs of degree d, we get the 
ideal of a hypersurface configuration where X = [d,... ,d]. It follows that Q.{Iv^ J = 

If we specialize by using forms of varying degree, things are more complicated. To 
compute q;((/?*(Ia)^”^^) (and hence we must take all monomials in the yi which 

vanish on all components of the variety defined by /a to order at least m, and then find 
the minimum degree among these monomials after substituting fi in for each yi. This is of 
course doable but will depend on the specific degrees of the fi. 

Example 4.5. Consider specializations of four coordinate points in that is, of the ideal 
74 ^ 3 . The m-th symbolic power of its specialization is 

= ifij2, hr n (/i, /2, hr n (/i, /3, hr n (/2, h, hr. 

Assume m = 67. As shown in Example 14.41 if all fi have degree d, then 3 ((/ 3 *( 74 _ 3 )) = 

But suppose that fi, f 2 , h are linear forms and f^ has degree d> 2. Then {fihhr is in 
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<^*( 14 , 3 )^®^^- In fact, 9^* has initial degree 9k in this case. Thus, the Waldschmidt 

constant of is 


a(¥?*(/4,3)) 


9k 


3 

2 ’ 


which is in fact 0 ( 13 ^ 2 ) for the ideal 13^2 ^ k[yi,y 2 ,y 3 ]- In particular, it is independent of 
the degree of /4 whenever this degree is at least 2. 


We now turn attention to the resurgence. Proposition 13.81 gives: 


Corollary 4.6. Adopting the notation and assumptions of Theorem \3.3l we have: 

(1) /9((^*(/a)) < p{Ia)- 

(2) // /i,..., fs is an R-regular sequence, then p{g:>*{lA)) = p{Ia)- 


The second part of this result raises the following question: 


Question 4.7. Does the resurgence remain invariant for any specialization of a matroid 
ideal as considered in Theorem \3. 


Now we determine the resurgence in many new cases, giving further affirmative evidence 
for Question 14.71 

Theorem 4.8. Assume that a sequence of homogeneous polynomials fi,..., fs G R satisfies 
one of the following conditions: 

(1) fi,..., fs G R is an R-regular sequence. 

(2) Any subset of at most c + 1 0 / the forms fi forms an R-regular sequence, and all the 
forms fi have the same degree. 

Consider the codimension c hypersurface configuration V3v,c C P"' determined by fi,..., fs G 
R. Its ideal has resurgence 

c-(s-c+l) 

^-• 

This theorem is one of the few results which determines the resurgence of the ideal of a 
subscheme whose dimension is at least one and whose codimension is at least two, apart 
from ideals of cones O Proposition 2.5.1] and certain monomial ideals (see m Theorem 
1.5] and [201 Theorem C]). In particular, the special case of Theorem 14.81 where all the 
forms fi are linear, gives the resurgence of every star configuration and thus answers m 
Question 4.12] affirmatively and extends [201 Theorem C]. 

Proof of Theorem \4.8[ Assume Condition (1) is satisfied, that is, is obtained by spe¬ 
cializing the matroid ideal using the regular sequence /i,..., fs. Then the result is a 
consequence of Corollary 14.61 and p{Is,c) = [201 Theorem C]. 

If Condition (2) is satisfied we argue similarly. Indeed, using also Corollary 14.31 we get 


c-(s-c-1-1) a{Is,c) “(-IRa.c) 


< pilVxJ < p{h,c) = 


c • (s — c -|- 1) 


s 3(4,c) 3(/y^J 

which yields our claim. 

We now illustrate our results by considering specializations of coordinate points. 


□ 


Example 4.9. If /o,..., fn is an /^-regular sequence, then the ideal 

n 

P* (I^n+l,n) = (/O) • ■ ■ ) /i) ■ ■ ■ I /n); 

i=0 
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where'' indicates omitting, satisfies according to Theorem 07 

2 n 


(dri+l,n)) — 


n + 1 

Recall that in the case, where all the fi have the same degree, we have seen in the proof 
of Theorem 14.81 that 

PW*[In+l,n)) - - 77 - 

Hence, Estimate (14.21) is sharp in this case. However, if we consider the situation in Example 
14.51 that is, n = 3 and di = ^2 = <^3 = 1 and ^4 = d < 2, then we get 

a{p*{h,^)) _ 2 _ 4 3 


= 3 = -<^=P(99*(/4,3)). 


As a final remark we want to draw attention to a remarkable connection between the 
configurations considered in this paper and a classical question in projective geometry. 

To understand this connection let A = [di,... ,ds] be a partition of d. The variety 
Xn,A C P([d2]rf) = N = of A-reducible forms of degree d is defined by: 

Xn,d := {[ 5 ] G \ 9 = 9i---9s, deggt = d*}. 

These varieties have an interesting history and are discussed in detail in [21], [8] and [9]. 

One is interested in calculating the dimension of the (higher) secant varieties of this 
variety. The famous Terracini Lemma explains that to do this one has to calculate the span 
of tangent spaces at general points of the variety. So, it is important to know the tangent 
space at a general point of this variety. The remarkable fact is that if P = [/i • • • fs] is 
a general point of ^n,\ then the projectivized tangent space at P is the projectivization 
of the degree d component of the ideal I which defines the codimension 2 A-configuration 
associated to the forms fi, ■ ■ ■, fs [SI Proposition 3.2]. 


References 

[ 1 ] J. Ahn and Y. Shin, The minimal free resolution of a star-configuration in P" and the Weak Lefschetz 
Property, J. Korean Math. Soc. 49 (2012), No. 2, 405-417. 

[2] J. Ahn and Y. Shin, The minimal free resolution of a fat star configuration in P", Algebra Colloq. 21 
(2014), no. 1, 157-166. 

[3] T. Bauer, S. Di Rocco, B. Harbourne, M. Kapustka, A. Knutsen, W. Syzdek, and T. Szemberg, A 
primer on Seshadri constants, pp. 33-70, in: Interactions of classical and numerical algebraic geometry, 
Contemp. Math. 496, Amer. Math. Soc., Providence, RI, 2009. 

[4] C. Bocci, E. Carlini, S. Cooper, G. Fatabbi, E. Guardo, B. Harbourne, M. Janssen, A. Lorenzini, U. 
Nagel, A. Seceleanu, A. Van Tuyl and T. Vu, The Waldschmidt constant for squarefree monomial ideals, 
in preparation. 

[5] G. Bocci and B. Harbourne, Comparing powers and symbolic powers of ideals, J. Algebraic Geom. 19 
(2010), 399-417. 

[6] E. Carlini, L. Chiantini and A. V. Geramita, Complete intersections on general hyper surf aces, Michigan 
Math. J. 57 (2008), 121-136. 

[7] E. Carlini, E. Guardo and A. Van Tuyl, Star configurations on generic hyper surf aces, J. Algebra 407 
(2014), 1-20. 

[8] M. V. Catalisano, A. V. Geramita, A. Gimigliano, and Y. S. Shin, The secant line variety to the 
varieties of reducible plane curves, Annali della Scuola Normale di Pisa - Classe di Scienze, accepted 
2014 (D01:10.1007/sl0231-014-0470-y) 

[9] M. V. Catalisano, A. V. Geramita, A. Gimigliano, B. Harbourne, J. Migliore, U. Nagel and Y. S. Shin, 
Secant varieties of the varieties of reducible hypersurfaces in P", Preprint, 2015; arXiv 1502.00167. 





16 


A.V. GERAMITA, B. HARBOURNE, J. MIGLIORE, AND U. NAGEL 


[10] S. Cooper, B. Harbourne and Z. Teitler, Combinatorial bounds on Hilbert functions of fat points in 
projective space, J. Pure Appl. Algebra, 215 (2011), 2165-2179. 

[11] A. Corso and U. Nagel, Specializations of Ferrers ideals, J. Algebraic Comb. 28 (2008), 425-437. 

[12] M. Dumnicki, B. Harbourne, T. Szemberg and H. Tutaj-Gasiriska Linear subspaces, symbolic powers 
and Nagata type conjectures, Adv. Math. 252 (2014), 471-491 (arXiv:1207.1159). 

[13] J. Eagon and V. Reiner, Resolutions of Stanley-Reisner rings and Alexander duality, J. Pure Appl. 
Algebra 130 (1998), no. 3, 265-275. 

[14] C. Francisco, Tetrahedral curves via graphs and Alexander duality, J. Pure Appl. Algebra 212 (2008), 
364-375. 

[15] C. Francisco, J. Migliore and U. Nagel, On the componentwise linearity and the minimal free resolution 
of a tetrahedral curve, J. Algebra 299 (2006), 535-569. 

[16] A.V. Geramita, B. Harbourne and J. Migliore, Star configurations in P", J. Algebra 376 (2013), 279-299. 

[17] A.V. Geramita, J. Migliore and L. Sabourin, On the first infinitesimal neighborhood of a linear config¬ 
uration of points in P^, J. Algebra 298 (2006), 563-611. 

[18] E. Guardo, B. Harbourne and A. Van Tuyl. Asymptotic resurgences for ideals of positive dimensional 
subschemes of projective space, Adv. Math. 246 (2013), 114-127. 

[19] J. Kleppe, J. Migliore, R.M. Miro-Roig, U. Nagel and C. Peterson, Gorenstein liaison, complete inter¬ 
section liaison invariants and unobstructedness, Mem. Amer. Math. Soc. Vol. 154, 2001; 116 pp. 

[20] M. Lampa-Baczyriska and G. Malara, On the containment hierarchy for simplicial ideals, J. Pure Appl. 
Algebra (to appear); arXiv: 1408.2472 

[21] G. Mammana, Sulla varietd delle curve algebriche piane spezzate in un data modo, Ann. Scuola Norm. 
Super. Pisa (3) 8 (1954), 53-75. 

[22] H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics 8, Cambridge 
University Press, 1989. 

[23] J. Migliore and U. Nagel, Tetrahedral curves, Int. Math. Res. Notices 15 (2005), 899-939. 

[24] U. Nagel and V. Reiner, Betti numbers of monomial ideals and shifted skew shapes. Electron. J. Comb. 
16 (2009), Special volume in honor of A. Bjorner, #R3, 59 pp. 

[25] U. Nagel and T. Romer, died simplicial complexes, J. Pure Appl. Algebra 212 (2008), 2250-2258. 

[26] J. G. Oxley, Matroid Theory. Oxford University Press 1992. 

[27] J. Park and Y. Shin, The minimal free graded resolution of a star-configuration in J. Pure Appl. 
Algebra 219 (2015), 2124-2133. 

[28] P. Schwartau, Liaison Addition and Monomial Ideals, Ph.D. thesis, Brandeis University, 1982. 

[29] N. Terai and N.G. Trung, Cohen-Macaulay ness of large powers of Stanley-Reisner ideals, Adv. Math. 
229 (2012), 711-730. 

[30] D. Testa, A. Varilly-Alvarado and M. Velasco, Big rational surfaces, Math. Ann. 351 (2011), 95-107. 

[31] M. Varbaro, Symbolic powers and matroids, Proc. Amer. Math. Soc. 139 (2011), 2357-2366. 

Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario, Canada 
AND Dipartimento di Matematica, Universita di Genova, Genoa, Italy 
E-mail address: Anthony.Geraiiiita@giiiail.com 

Department of Mathematics, University of Nebraska, Lincoln, NE 68588-0130 USA 
E-mail address: bharbour@math.unl.edu 

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556, USA 
E-mail address: migliore.l@nd.edu 

Department of Mathematics, University of Kentucky, 715 Patterson Office Tower, Lex¬ 
ington, KY 40506-0027, USA 

E-mail address: uwe.nagel@uky.edu 


